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1. D e s c r i p t i o n  o f  t h e  Model 
The model p r e s e n t e d  h e r e  summarizes t h e  p r i n c i p a l  c h a r -  
a c t e r i s t i c s  of a  r e a l  problem encounte red  d u r i n g  a  consu l -  
t ancy  e x p e r i e n c e .  It i s  concerned w i t h  t h e  cash  management 
o f  a  banking network compr i s ing :  
a )  a  c e n t r a l  bank which can  d e p o s i t  o r  wi thdraw from 
t h e  cash  i n v e n t o r y  a t  a bank e x t e r i o r  t o  t h e  sys tem,  
b )  p e r i p h e r a l  ( i . e .  b r a n c h )  o f f i c e s  which can d e p o s i t  
o r  withdraw from t h e  c a s h  i n v e n t o r y  a t  t h e  c e n t r a l  
bank, and 
c )  v a r i o u s  c l i e n t  groups which d e p o s i t  o r  wi thdraw 
from t h e  c a s h  i n v e n t o r y  at  t h e  c e n t r a l  bank and a t  
each  b ranch .  
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S Y S T E M  
I II_ 
F o r  r e a s o n s  o f  economy and s e c u r i t y ,  t h e  g e n e r a l  o b j e c t -  
i v e  i s  t o  minimize  t h e  amount of  t h e  c a s h  i n v e n t o r y  h e l d  i n  
t h e  sys t em,  and s e c o n d a r i l y ,  t o  c o n t r o l  t h e  f r e q u e n c y  and t h e  
EXTERIOR 
B A N K  
t o t a l  number o f  t r a n s a c t i o n s  between banks .  
The s t l jdy  t r e a t s  t h e  f o l l o w i n g  q u e s t i o n s  : 
I 1 
+ 
CENTRAL 
B A N K  
A .  C o o r d i n a t e  t h e  s c h e d u l e s  of  c a s h  t r a n s a c t i o n s  be- 
tween t h e  banks  ( S e c t i o n  2 ) .  
B.  Transmi t  between t h e  b a n k s  i n f o r m a t i o n  abou t  t h e  
t r a n s a c t i o n s  ( S e c t i o n  3 ) .  
C .  P r e d i c t  t h e  c a s h  t r a n s a c t i o n s  w i t h  t h e  v a r i o u s  
c l i e n t s  ( S e c t i o n  4). 
We w i l l  p r e s e n t  Problems A and B above i n d e p e n d e n t l y  
and under  t h e  f o l l o w i n g  two a s p e c t s :  
P r a c t i c a l - - t h e  p r a c t i c a l  r e s u l t  o b t a i n e d  d u r i n g  t h e  
s t u d y  i n  r e l a t i o n  t o  t h e  problem posed .  
I 
I 
 
T h e o r e t i c a l - - t h e  a b s t r a c t  models i n s p i r e d  by a g e n e r a l -  
i z a t  i o n  o f  t h e  problem.  
B R A N C h  
B A N K S  
2 .  The T r a n s a c t i o n  S c h e d u l e s  
2 . 1  P r a c t i c a l  Aspect 
I n  t h e  bank ing  ne twork  s t u d i e d ,  we first n o t i c e d  
t h a t  t h e  p r i n c i p a l  t r a n s a c t i o n s ,  i . e .  
a )  h o u r l y  s c h e d u l e  o f  exchanges  w i t h  t h e  s m a l l  c l i e n t s  
a t  t h e  t e l l e r  windows, 
b )  s p e c i a l  t r a n s a c t i o n s  w i t h  t h e  b i g  c l i e n t s ,  and 
c )  t r a n s f e r s  f rom b r a n c h  t o  b r a n c h ,  
a r e  r e g u l a t e d  by a  c o n s t a n t  d a i l y  s c h e d u l e .  The c a s h  r e p o r t  
o f  e a c h  o f f i c e  i s  t h u s  f o r m u l a t e d  a s  a  l i s t  o f  f i x e d  h o u r s  
and v a r i a b l e  sums. 
F o r  example,  t h e  c e n t r a l  bank p r e s e n t s  t h e  f o l l o w i n g  
c a s h  r e p o r t :  
A t r a n s a c t i o n  w i t h  t h e  e x t e r i o r  bank a t  9 : 0 0  p e r m i t s  
t h e  c e n t r a l  bank t o  b r i n g  i t s  i n v e n t o r y  t o  a  l e v e l  e q u a l  t o  
t h e  a v e r a g e  need  o f  t h e  day ,  augmented by a  "cush ion"  t o  t a k e  
a c c o u n t  of  t h e  u n c e r t a i n t y  o f  i t s  t o t a l .  The l e v e l  o f  t h e  
c a s h  i n v e n t o r y  t h u s  h a s  t h e  f o l l o w i n g  a v e r a g e  " p r o f i l e " :  
9 10 14 17 8 9 
T I M E  
Average p r o f i l e  of t h e  c a s h  i n v e n t o r y  a t  t h e  b e g i n n i n g  o f  
t h e  mont' ( w i t h d r a w a l  a t  9:OO) 
9 10 14 17 8 9 
T I M E  
Average p r o f i l e  o f  t h e  c a s h  i n v e n t o r y  a t  t h e  
( d e p o s i t  a t  9:OO) 
end o f  t h e  month 
I n  f a c t ,  c e r t a i n  h o u r s  o f  t r a n s a c t i o n s  may b e  s e e n  a s  
d e c i s i o n  v a r i a b l e s  i n  t h e  s e n s e  t h a t  o n e  c a n  a l t e r  them w i t h i n  
b r o a d  i n t e r v a l s .  T h i s  i s  p a r t i c u l a r l y  t h e  c a s e  i n  most  o f  
t h e  t r a n s a c t i o n s  be tween t h e  b r a n c h e s .  
The p r a c t i c a l  t o o l  p roposed  t o  t h o s e  i n  c h a r g e  o f  t h e  
c a s h  i n v e n t o r y  o f  t h e  bank ing  network t o  judge  t h e  a p p e a l  o f  
a  s c h e d u l e  change c o n s i s t s  o f  compar ing  t h e  a v e r a g e  p r o f i l e  
o f  t h e  c a s h  i n v e n t o r y  i n  t h e  two c a s e s ,  a n d  i n  p a r t i c u l a r  
t h e  s u r f a c e  p roduced  by t h i s  p r o f i l e ,  which r e p r e s e n t s  t h e  
a v e r a g e  c a s h  i n v e n t o r y  ( "cush ion"  e x c l u d e d ) .  
A p p l i c a t i o n  of t h i s  method t o  t h e  above  example  i s  e s -  
p e c i a l l y  s i m p l e .  It d i s c l o s e s  t h e  o p t i m a l  s c h e d u l e  o f  t r a n s -  
a c t i o n s  be tween t h e  c e n t r a l  bank a n d  t h e  e x t e r i o r  bank (17:OO 
at  t h e  b e g i n n i n g  o f  t h e  month f o r  a  w i t h d r a w a l  and  10:OO a t  
t h e  end o f  t h e  month f o r  a  d e p o s i t )  : 
9 10 14 17 8 9 
T I M E  
B e g i n n i n g  o f  t h e  month 
( w i t h d r a w a l  a t  17 : 0 0 )  
9 10 1 1  17 8 9 
T l M E  
End o f  t h e  month 
( d e p o s i t  a t  10:OO) 
2.2 T h e o r e t i c a l  Schedu l ing  of t h e  Cash T r a n s a c t  i o n s  
A p p l i c a t i o n  o f  Dynamic Programming 1 
- 
This  s t u d y  of t h e  s c h e d u l e  a p p e a r s  a s  a  p a r t i c u l a r  
c a s e  o f  t h e  g e n e r a l  problem o f  cash  t r a n s a c t i o n  s c h e d u l i n g  
f  orniulat  ed h e r e  from a t h e o r e t i c a l  v i e w p o i n t .  
During t h e  i n t e r v a l  [o,T'], N movements o f  q u a n t i t i e s  
w = (u i ;  i = 1, ..., N) change t h e  c a s h  i n v e n t o r y ,  t h e  i n i t i a l  
l e v e l  of which i s  S. The problem c o n s i s t s  o f  choos ing  t h e  
h o u r  Zi o f  each  t r a n s a c t i o n  i n  t h e  i n t e r v a l  [ai,bi] i n  o r d e r  
t o  minimize t h e  a v e r a g e  l e v e l  of t h e  c a s h  i n v e n t o r y  whi le  
k e e p i n g  i t  p o s i t i v e  a t  a l l  t i m e s .  It i s  conven ien t  t o  d e f i n e  
( t k ;  k  = 1,. . . ,2N + 1 )  as 
t k  ( tk+l , t k .  = ai  , t- = b  
-1 ki i ' t 2 ~ + 1  
and 
(Tk; k  = 1, ..., 2N) : Tk = tk+l - tk  . 
F i r s t  one n o t e s  t h a t  a l l  s o l u t i o n s  f o r  which c e r t a i n  
t r a n s a c t i o n s  o c c u r  a t  an  i n s t a n t  Z ,  such t h a t  
can be improved by t a k i n g  i n s t e a d  Z = tk+l i f  t h e  sum of t h e s e  
t r a n s a c t i o n s  i s  p o s i t i v e ,  o r  Z = tk  i f  i t  i s  n e g a t i v e .  I n  
t h e  two c a s e s  t h e  new s o l u t i o n  does  not i n c r e a s e  t h e  c a s h  
i n v e n t o r y  and s t i l l  s a t i s f i e s  t h e  c o n s t r a i n t s .  
' ~ h i s  s e c t i o n  was developed i n  c o l l a b o r a t i o n  wi th  
C a r l o s  Winkler .  
Let x i  be d e f i n e d  as f o l l o w s .  I f  
t k  < Zi , 
t h e n  
x l = O  , k  
and i f  
t h e n  
One can t h u s  s o l v e  t h e  problem by a dynamic program: 
- t h e  s t a t e  a t  s t a g e  k ( k  = 1, ..., 2N) i s  t h e  v e c t o r  
- t h e ,  economic f u n c t i o n  Fk measures  t h e  c a s h  i n v e n t o r y  
i n  t h e  i n t e r v a l  [ tk ,~ ] :  
S t a g e  2N ( s t a r t - u p ) :  x2N = ( I , . .  . , l )  
N 
F2N(x2N)  ' i f l  WiT2N ' S.T 
i S t a g e  k ( ~ e c u r r e n c e ) :  F k ( x k )  = Tk 1 uixk + min F k + l ( ~ k + l )  
i=l 
i i 2 xk! 
N 
f o r  xk such  t h a t  1 uix: + S  > 0  ( p o s i t i v e  c a s h  i n v e n t o r y )  
- i=l . 
x i  = 1 i f  Gi 5 k  
i ( t r a n s a c t i o n  s c h e d u l e s )  
x  = O i f k < k i  k  
To t a k e  i n t o  accoun t  t h e  c a s e  o f  an i n f i n i t e  h o r i z o n  w i t h  
a  sequence  o f  t r a n s a c t i o n s  r e p e a t i n g  i t s e l f  d u r i n g  t h e  i n t e r -  
v a l s  [o,T], [ T , ~ T ] .  . ., one must  t a k e  
and  c o n s i d e r  t h e  e v o l u t i o n  o f  t h e  min imal  l e v e l  sk o f  t h e  
i n i t i a l  c a s h  i n v e n t o r y  which p e r m i t s  u s  t o  o b t a i n  a  p o s i t i v e  
i n v e n t o r y  o f  t k  a t  T:  
N 
sk+l = sk + max [ 0 ,  - I w i x t ]  . 
i = 1 
One can  t h u s  a d a p t  Program A1 t o  d e a l  w i t h  t h i s  c a s e :  
S t a g e  2N: 
X 2 N  = ( 1 , " " l )  
F 2 N ( ~ 2 N )  = 0  
S t a g e  k :  
N i F k ( x k )  = T.max ( 0 ,  - 1 wixi)  + Tk 1 wixk 
i= 1 i = 1 
+ min Fk+l(xk+l)  
i 
f o r  xk such  t h a t  Xi + l ~ x k  
i 
xk = 1 i f  Fi 2 k  
i 
x k = O  i f  k < k i  . 
Remarks 
a )  We n o t e  t h a t  it is  a d v a n t a g e o u s  t o  c a l c u l a t e  Fk(xk) 
i n  t h e  d e c r e a s i n g  l e x i c o g r a p h i c  o r d e r  o f  t h e  p o s s i b l e  b i n a r y  
v e c t o r s  f o r  x k ,  s o  t h a t  t h e  c o m p u t a t i o n  o f  min F k + l ( ~ B + l )  is 
l i m i t e d  t o  a  s i n g l e  compar ison w i t h  t h e  p r e c e d i n g  v a l u e .  
b )  Programs A1 and  A 2  c o n t r i b u t e  a  n o t i c e a b l e  economy i n  
computa t ion  i n  compar ison w i t h  e x h a u s t i v e  enumera t ion .  In -  
d e e d ,  l e t  nk  a n d  mi be  t h e  r e s p e c t  i v  numbers o f  i n d i c e s  i 
and  k  such  t h a t  
t h e  number o f  e v a l u a t i o n s  a t  s t a g e  k  i s  Z n k ,  o r  a t o t a l  o f  
which i n c r e a s e s  l i n e a r l y  w i t h  N ,  w h i l e  t h e  number o f  p o s s i b l e  
s o l u t i o n s  
f o l l o w s  a n  e x p o n e n t i a l  t e n d a n c y .  
A p p l i c a t i o n  o f  t h e  l i n e a r  program.  I f ,  w i t h i n  t h e  
framework o f  t h e  above model,  one a l l o w s  a  t r a n s a c t i o n  t o  b e  
s p r e a d  among s e v e r a l  d a t e s  (which is l o g i c a l  i f  t h e  c o n s t a n t  
s h a r e  of t h e  c o s t s  of  t h e  t r a n s a c t i o n s  i s  n e g l i g i b l e ) ,  t h e  
problem i s  f o r m u l a t e d  a s  a  l i n e a r  program i n  t h e  f o l l o w i n g  
manner (minimum f low ne twork  w i t h  s o u r c e s  and  s i n k s ) :  
2N N . 
Min 1 -1 y: (T  - t k )  + ST 
k = l  1=l 
i 
w i t h  Yk = 0  f o r  tk  t [tk. ,tE.] ( S c h e d u l e s )  
-1 1 
2N 
1 Y k Z W  i (S p read  o f  t r a n s a c t  i o n )  
k = l  
( P o s i t i v e  c a s h  i n v e n t o r y )  
k=  1 
Remark 
T h i s  program can  be g e n e r a l i z e d  t o  t a k e  i n t o  a c c o u n t :  
a )  t h e  l i m i t s  f o r  t h e  h o u r l y  t r a n s a c t i o n s  and  t h e  c a s h  
i n v e n t o r y  , 
b )  t h e  c o s t s  p e r  q u a n t i t y  o f  t r a n s a c t i o n  and  t h e  h o l d -  
i n g  c o s t s  v a r y i n g  a c c o r d i n g  t o  d a t e ,  and  
c )  m u l t i p l e  l e v e l s  o f  c a s h  i n v e n t o r y .  
3. Communication between t h e  Banks 
3 . 1  The P r a c t i c a l  Resu l t  o f  t h e  S tudy  
I n  t h e  c a s e  o f  t h e  c e n t r a l  bank d e s c r i b e d  i n  s e c t i o n  
2 . 1 ,  t h e  s t u d y  o f  t h e  a v e r a g e  p r o f i l e  o f  t h e  c a s h  i n  hand  
a l l o w s  u s  t o  a d v o c a t e  a  p r i o r i  17 :00  f o r  t h e  moment o f  w i t h -  
d r a w a l  t o  t h e  e x t e r n a l  bank a t  t h e  s t a r t ,  o f  t h e  month. B u t ,  
t h e  c o n s t r a i n t s  o f  t h e  s c h e d u l e  o f  t h i s  a c t i v i t y  l e a d  u s  
i n  f a c t  t o  adop t  14 :00  ( i n s t e a d  o f  9:00 i n i t i a l l y ) .  
However, a t  t h e  s t a r t  o f  t h e  month t h e  most impor tan t  
and t h e  most u n c e r t a i n  t r a n s a c t i o n  comes a t  17:OO. It i s  
concerned i n  f a c t  w i t h  t h e  messages from t h e  b ranch  banks 
communicating t h e i r  needs  f o r  t h e  nex t  day.  The cor respond-  
i n g  c a s h  r e p o r t  i s  t h u s  p r e p a r e d ,  coun ted  by 18:oo a t  t h e  
l a t e s t  ( s c h e d u l e  c o r l s t r a i n t ) ,  t h e n  s e n t  ou t  t h e  next  morning. 
I n c i d e n t a l l y ,  i n  t h i s  p e r i o d  o f  t h e  s t a r t  o f  t h e  month, 
t h e  b ranch  o f f i c e s  e x p e r i e n c e  l a r g e  i r r e g u l a r  t r a n s a c t i o n s  
( l o c a l  c l i e n t e l e )  from 14:00 t o  18 :00  w i t h  t h e  r e s u l t  t h a t  
t h e  r e l a t i v e  p r e c i s i o n  of t h e i r  e s t i m a t e d  need depends l a r g e -  
l y  upon t h e  t i m e .  
During t h i s  s t u d y ,  t h r e e  o p t i o n s  were con templa ted  f o r  
t h e  communication sys tem between t h e  b ranch  o f f i c e s  and t h e  
c e n t r a l  o f f i c e  : 
a )  r e q u e s t  o f  t h e  b ranch  banks a t  18:00,  
b )  d e f i n i t i v e  r e q u e s t  a t '  14:00, and 
c )  p r o v i s i o n a l  r e q u e s t  a t  1 4 : 0 0  and f i n a l  modi f i ed  
r e q u e s t  a t  18  :00. 
A s e r i e s  o f  t e s t s  f o r  sample days  and o f f i c e s  showed 
t h a t  o p t i o n  ( c )  was c l e a r l y  p r e f e r a b l e .  T h i s  p r a c t i c a l  
r e s u l t  upho lds  t h e  t h e o r e t i c a l  d e m o n s t r a t i o n  d e s c r i b e d  below. 
3 . 2  Optimal Communication b e t  ween t h e  Banks 
Let u s  c o n s i d e r  t h e  f o l l o w i n g  model. A t  each  hour 
t o f  t h e  day ( 0  2 t 2 1 )  each  b ranch  o f f i c e  can g i v e  an 
lowing  day.  To e x p r e s s  t h e  f a c t  t h a t  t h e  u n c e r t a i n t y  pro-  
g r e s s i v e l y  l e s s e n s  w i t h  t i m e ,  l e t  u s  assume t h a t  
i s  a  normal random v a r i a b l e  w i t h  an average  o f  0  and a  v a r -  
i a n c e  of  t 2  - t l  (>O).  
t 2  t 4  Let  u s  f u r t h e r  assume t h a t  Yt and Yt a r e  independent  
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random v a r i a b l e s  i f  t h e  i n t e r v a l s  t l t2 and t3 t4  do n o t  over-  
l a p .  
We f u r t h e r  d e f i n e :  
Q and 8 a r e  t h e  q u a l i t y  o f  s e r v i c e  r e q u i r e d  by a branch  
o f f i -ce  and by t h e  c e n t r a l  o f f i c e  r e s p e c t i v e l y ;  
T  i s  t h e  hour o f  t h e  t r a n s a c t i o n  between t h e  c e n t r a l  
o f f i c e  and t h e  e x t e r n a l  o f f i c e  which s u p p l i e s  i t ;  
T~ < T and T~ > T;  and 
n  i s  t h e  number o f  branch o f f i c e s  (assumed i d e n t i c a l ) .  
Within  t h i s  framework, t h e  v a r i o u s  communication sched-  
u l e s  between t h e  b ranch  o f f i c e s  and t h e  c e n t r a l  o f f i c e  a r e  
e v a l u a t e d  i n  t e r m s  of t o t a l  s e c u r i t y  c a s h  i n  t h e  f o l l o w i n g  
t a b l e  : 
Communication of  t h e  
b r a n c h e s  a t  t i m e :  
T o t a l  s e c u r i t y  c a s h  
i n  t h e  network 
T 1 
nu- 
T~ and T~ 
ncr- 
+ 6/n(T2-T1) 
T 2  
nu- 
+ B- 
The c o o r d i n a t i o n  o f  t h e  q u a l i t y  o f  s e r v i c e  o f  t h e  b r a n c h e s  
i m p l i e s  
Under t h e s e  c o n d i t i o n s  s o l u t i o n  2 i s  s u p e r i o r  t o  t h e  o t h e r  
two s o l u t i o n s  wha tever  t h e  T~ and T ~ .  Moreover, t h e  optimum 
i s  o b t a i n e d  f o r  T~ = 1 and T~ = T. 
4 .  P r e d i c t i n g  t h e  Cash Need of t h e  C e n t r a l  Bank 
4 . 1  T h e o r e t i c a l  Model 
a )  The composi te  model p r e d i c t s  each  t r a n s a c t i o n ;  t h e  
g l o b a l  model p r e d i c t s  d i r e c t l y  t h e i r  a g g r e g a t i o n .  
b )  Exp lana to ry  v a r i a b l e s :  
i )  s e a s o n a l  a s p e c t s  ( g l o b a l  h a b i t s  o f  t h e  c l i e n t s )  
i i )  paydays o f  t h e  b i g  companies o f  t h e  r e g i o n .  
c )  Through u s e  of  b i n a r y  v a r i a b l e s ,  a l i n e a r  model 
( m u l t i p l e  r e g r e s s i o n )  o f  c o v a r i a n c e  a n a l y s i s  a l l o w s  
g l o b a l  e s t i m a t i o n  o f  t h e  s e a s o n a l  e f f e c t s  and o t h e r  
e x p l a n a t o r y  v a r i a b l e s .  A s  t h e  t r u e  v a l u e  o f  t h e  
l a t t e r  a r e  unobservab le  b u t  n o t i c e a b l y  c o n s t a n t ,  
t h e  b i n a r y  v a r i a b l e s  w i l l  be s u b s t i t u t e d  f o r  them 
i n  t h e  g u i s e  o f  i n s t r u m e n t a l  v a r i a b l e s .  
S e t t i n g  up a n  i n f o r m a t i o n  sys tem which would p e r m i t  t h e  
o b s e r v a t i o n  o f  t h e  t r u e  v a l u e  o f  t h e s e  v a r i a b l e s  w i l l  i n c r e a s e  
t h e  e x p l i c a t i v e  power o f  t h e  model.  
The problem o f  c o - l i n e a r i t y  between c e r t a i n  s e a s o n a l  
v a r i a b l e s  and t h o s e  o f  paydays  o c c u r r i n g  a l m o s t  a lways  a t  t h e  
same t i m e  o f  t h e  month makes i m p r e c i s e  t h e  e s t i m a t i o n  o f  t h e  
m a r g i n a l  c o n t r i b u t i o n  o f  t h e  v a r i a b l e s  i n  q u e s t i o n .  But t h i s  
d o e s  n o t  a l t e r  t h e  m o d e l ' s  e x p l i c a t i v e  power s o  l o n g  a s  t h e  
r e l a t i o n  between t h e  two v a r i a b l e s  r e m a i n s  t h e  same. 
4 . 2  R e s u l t s  
By a p r i o r i  a n a l y s i s ,  by d i s c u s s i o n  w i t h  t h e  p r a c -  
t i t  i o n e r s ,  and by s y s t e m a t i c  examinat  i o n  o f  t h e  r e s i d u a l s  
f rom t h e  f i r s t  v e r s i o n s  o f  t h e  model ,  t h e  f o l l o w i n g  s e a s o n a l  
a s p e c t s  were d i s c e r n e d :  
a )  p o s i t i o n  o f  t h e  day it-, t h e  week and  o f  t h e  week 
i n  t h e  month (WEEK m o d e l ) ,  o r  o f  t h e  day i n  t h e  
month (MONTH mode 1 ) , and 
b )  e f f e c t  o f  t h e  end o f  t h e  t r i m e s t e r ;  e f f e c t  o f  
t h e  l a s t  day  of  t h e  month; e f f e c t  of  t h e  s t a r t  
o f  t h e  summer h o l i d a y  p e r i o d .  
Adjus tment  o v e r  a  two-year  p e r i o d  f o r  t h e  two models  
(WEEK and MONTH) i s  e q ~ i i v a l e n t l y  good (83% o f  e x p l a i n e d  v a r i a n c e ) .  
N e v e r t h e l e s s ,  t h e  b e s t  t e s t  o f  such  a d e s c r i p t i v e  model i s  
i t s  p r e d i c t i v e  power.  Over t h e  th ree -month  p e r i o d  r e s e r v e d  
f o r  a t e s t  r u n ,  t h e  WEEK model o b t a i n e d  much b e t t e r  r e s u l t s - -  
a s  good f o r  t h e  s t a n d a r d  d e v i a t i o n  and t h e  a v e r a g e  o f  t h e  
a b s o l u t e  v a l u e  o f  t h e  r e s i d u a l s  a s  f o r  t h e  number and  t h e  
f r e q u e n c e  d i s t r i b u t i o n  o f  t h e  b i g  r e s i d u a l s .  
4 . 3  Composite Model o r  G l o b a l  Model? 
Only knowledge o f  t h e  g l o b a l  need ( a g g r e g a t i o n  o f  
t h e  t r a n s a c t i o n s  up t o  the'moment t h e  minimal c a s h  i n v e n t o r y  
i s  a c h i e v e d )  is  i m p o r t a n t .  S i n c e  t h e  e x p l i c a t i v e  f a c t o r s  a r e  
t h e  same f o r  a l l  t h e  t r a n s a c t i o n s ,  t h e  q u e s t i o n  a r i s e s  whether  
we shou ld  use  a  composi te  model o r  a  g l o b a l  model. 
F o r  a  t r a n s a c t i o n  i[i = l , n ]  t h e  v a l u e  a c h i e v e d  a  p o s t -  
e r i o r i  w i l l  be 
where 
xi i s  t h e  v e c t o r  o f  e x  p o s t  o b s e r v a t i o n s ,  
ii i s  t h e  v e c t o r  o f  p r e d i c t e d  v a l u e s  f rom t h e  model,  
and 
ii i s  t h e  r e s i d u a l s  v e c t o r :  e x  p o s t  o b s e r v a t i o n /  
p r e d i c t  ion  d i f f e r e n c e .  
T h i s  d i f f e r e n c e  can come from a  poor  s p e c i f i c a t i o n  o f  
t h e  model,  from o b s e r v a t i o n  e r r o r s ,  from random v a r i a t i o n s .  
I ts  s t a n d a r d  d e v i a t i o n  i s  a  measure o f  t h e  r i s k  i n c u r r e d  i n  
making t h e  p r e d i c t i o n  i.. 
%l 
F o r  t h e  g l o b a l  need 
t h e  d i r e c t  p r e d i c t i o n  g i v e s  
A s  t h e  model i s  l i n e a r  and t h e  f a c t o r s  a r e  t h e  same, if we 
l e t  
ti = ti 3 
where 
we o b t a i n  
n  n  n  
1 Pi = : [ i J l k i ]  = X p  [ l  x i ] =  5[! j ; i = 1 i- 1 
and t h u s  a l s o  
The p r e d i c t i o n  e r r o r  of  t h e  g l o b a l  model is  t he  sum of 
t h e  e r r o r s  of p r e d i c t i o n  over each o f  t h e  t r a n s a c t i o n s .  
The var iance  of 2 can t h u s  be t o  t h e  sum of t h e  v a r i -  
'L 
ance of  each of t h e  ii according t o  t h e i r  c o r r e l a t i o n .  This  
var iance  is a  measure of t h e  e x p l i c a t i v e  power of t h e  model. 
The s tandard  d e v i a t i o n  (measure of  r i s k )  of f, w i l l  be 
i n  a l l  c a se s  l e s s  than  t h e  sum of t h e  s tandard  dev ia t i on8  f o r  
each o f  t h e  t r a n s a c t i o n s .  Indeed, 
s i n c e  p i j  = t he  c o r r e l a t i o n  between gf and g, i s  lower i n  
abso lu t e  value t o  1. 
The computations t o  make a r e  n t imes  more numerous f o r  
t he  composite model. 
